A new measurement of a spatially extended gamma-ray signal from the center of the Andromeda galaxy (M31) has been recently published by the Fermi-LAT collaboration, reporting that the emission broadly resembles the so-called Galactic center excess (GCE) of the Milky Way (MW). Steadily, the weight of the evidence is accumulating on a millisecond pulsar (MSPs) origin for the GCE. These elements prompt us to compare the mentioned observations with what is, perhaps, the simplest model for an MSP population, solely obtained by rescaling of the MSP luminosity function determined in the local MW disk via the respective stellar mass of the systems. Remarkably, we find that without free fitting parameters, this model can account for both the energetics and the morphology of the GCE within uncertainties. For M31, the estimated luminosity due to primordial MSPs is expected to contribute only about a quarter of the detected emission, although a stronger contribution cannot be excluded given the large uncertainties. If correct, the model predicts that the M31 disk emission due to MSPs is not far below the present upper bound. We also discuss additional refinements of this simple model. Using the correlation between globular cluster gamma-ray luminosity and stellar encounter rate, we gauge the dynamical MSP formation in the bulge. This component is expected to contribute to the GCE only at a level 5%, but it could affect the signal's morphology. We also comment on limitations of our model as well as on future perspectives for improved diagnostics.
INTRODUCTION
The high energy gamma-ray emission from the MW galaxy is dominated by diffuse interstellar emission, often dubbed Galactic Diffuse Emission (GDE). In the last decade, the GDE has been exquisitely mapped by the Fermi LAT (Atwood et al. (2009) ) and AGILE (Pittori et al. (2009) ) satellites, allowing detailed studies of properties of the galactic cosmic ray population and of the interstellar medium (ISM) (see e.g. Ackermann et al. (2012a) ; Trotta et al. (2011); Evoli et al. (2012) ). Such analyses also revealed particularities of the gamma-ray emission from the inner region of our Galaxy. Notably, the Fermi Bubbles (FB), a large hour-glass structure extending up to 8 kpc away from the plane, have also (2015) ) or annihilation of dark matter particles (Calore et al. (2015b) ; Daylan et al. (2016) ; Huang et al. (2016) ; Ackermann et al. (2017b) ). An interpretation in terms of the MSP emission was originally motivated by the spectral similarity of their gamma-ray emission with the GCE and, to some extent, by the fact that MSPs could migrate over kpc distances during their lifetime, roughly compatible with the size of the excess. This interpretation recently gained support due to studies favouring an unresolved point source origin for the GCE rather than a genuinely diffuse emission (Bartels et al. (2016) ; Lee et al. (2016) ). Even within the MSP scenario, a still open question is whether the properties of the MSP bulge and disk populations are the same, for instance in terms of the MSP luminosity function or astrophysical origin.
In addition to the MW, seven external star-forming galaxies have been detected in gamma-rays with the Fermi LAT, allowing for studies of a correlation between the global galactic properties and overall gammaray emission (Ackermann et al. (2012b) ). M31 takes up a special place among them, as it is the only other large spiral with a prominent bulge and it is close enough so that the disk and bulge could be resolved as two separate components (in infrared, the disk spans 4
• on the sky). M31 was first detected in gamma-rays with a 5.3 σ significance in the two year Fermi LAT data, with marginal detection of a spatial extension (at 1.8 σ) (Abdo et al. (2010) ). The most recent analysis, using 88 months of Pass 8 SOURCE class events enabled a more precise measurement (Ackermann et al. (2017a) , we will refer to this work as 'PaperI' in what follows).
The new measurement revealed a few key points: (i) the emission was found to be slightly extended, with the significance of extension at the 4 σ level; (ii) the morphology of the signal is well described by a uniform disk of a radius 0.38 ± 0.05
• or a Gaussian distribution with a width of 0.23 ± 0.08
• and the emission does not correlate with regions rich in gas (as traced by an atomic gas column density NH map) or current star-formation activity (traced by Herschel/PACS map at 160 µm); (iii) the measured spectrum is consistent with a simple power law but also with a power-law spectrum with an exponential cut-off in the GeV range, the latter more closely resembling MSP-like spectral templates. The fact that the gamma-ray emission does not correlate with gas or star formation sites can be explained by the currently low star formation rate in M31 (0.25M yr −1 ) which is about ten times lower than in the MW (2M yr −1 ) (Ford et al. (2013) ). As a consequence, the low level of the disk emission leaves us with an intriguing possibility to study the inner-galaxy emission of a 'MW-like' galaxy in an unobstructed way.
In this paper we explore the MSP interpretation of the MW and M31 inner galaxy emission using what is probably the simplest model for the expected MSP luminosity: As basic hypothesis, we assume that the MSP content essentially correlates with the stellar mass of the object under study, relying on the measured properties of the population of gamma-ray MSPs detected in the MW disk to extrapolate. We anticipate that, remarkably, such a simple model is already capable to account for the energetics (and, to a large extent, morphology) of the GCE, within current uncertainties. Then, we apply the same model to M31, in order to test the possibility of a unique origin of both signals. We further discuss the impact of refinements to this model, notably the possibility of an additional MSP population formed dynamically via encounters, which would not simply correlate with the stellar mass of the object under study, and calibrated to the observed correlation between the gamma-ray luminosity of globular clusters and the stellar encounter rates in those systems. Other alterations in the scaling between disk and bulge luminosity as well as alternatives on the origin of the MSP are also briefly addressed. This article is structured as follows: Basic notions on MSPs needed for our work are discussed in Sec. 2. In Sec. 3 we introduce the astrophysical inputs for the model, notably the stellar density profiles for both the MW and M31, with particular attention to their bulges (and substructures). In Sec. 4 (respectively, Sec. 6) we characterize the observed MW (respectively, M31) emission, while Sec. 5 (respectively, Sec. 7) is devoted to the comparison with the model prediction. Refinements to the simple model, some caveats, a few additional effects and model alternatives are discussed in Sec. 8. In Sec. 9 we summarize and conclude. The appendix is dedicated to some considerations on the (still limited) spectral information on the M31 signal, on how it compares to the expectations, and possible tails at high energy.
BASICS ON MILLISECOND PULSARS
MSPs are rapidly spinning (and slowly evolving) pulsars, often found in binary systems, typically interpreted as old pulsars whose rotational frequency has been boosted through the mass transfer from their companion star. MSPs are found both in the near ISM environment and in old stellar systems, such as globular clusters or galaxy bulges. Although it has been proposed that MSPs might have been deposited in galaxy bulges through the infall and tidal disruption of globular clusters (Gnedin et al. (2014) ; Brandt & Kocsis (2015) ; Fragione et al. (2017) ), at least in the main part of this work we focus on MSP formation in situ. We comment on the above alternative in Sec. 8.3.
There are two main contributions to the in situ (Mirabal (2013)) formation of MSPs. The first channel requires a close binary system with an extreme mass ratio of the two stars, which remains bound after the birth of a pulsar in the supernova explosion of the more massive partner. In a later phase, during the mass transfer from the companion star to the neutron star, the binary becomes visible as a low-mass X-ray binary (LMXB). In this stage, the binary system is accretion-powered and shines in X-rays. Eventually, it fades away in a rotation powered phase resulting in an MSP accompanied by a low-mass white dwarf. This MSP formation mechanism, known as the primordial channel, also implies that the numbers of MSPs in a given system is proportional to the total stellar mass, at least if the fraction of binaries is an unbiased tracer of stellar mass. In galaxy disks, for example, where the primordial formation channel is expected to be dominant, the number of LMXBs scales linearly with stellar mass of the host galaxy (Gilfanov (2004) ), landing an observational support to this scaling relation. Some of the authors of this work already used the scaling with the mass of the MSP population in the MW disk to predict the MSP population in dwarf satellite galaxies of the MW (Winter et al. (2016) ).
But MSPs can also form by neutron star capture into a binary system through stellar encounters (Davies & Hansen (1998); Hui et al. (2010) ), a process dominant in globular clusters, where stellar densities are much higher than in the disk. Interactions leading to the dynamical formation of MSPs depend on bringing two stellar systems (like a neutron star and a binary) close together, and thus depend on the square of the stellar density. At the same time, gravitational focusing is reduced by the stellar velocity dispersion, leading to a dependence of the stellar encounter rate Γ e on cluster properties as ρ 2 * /σ, where ρ * is the stellar density and σ is the velocity dispersion (Fabian et al. (1975) ; Bahramian et al. (2013) ). This so called dynamical formation channel is supported by globular cluster observations (see (Fermi-LAT (2010) ; Hui et al. (2011)) ).
In what follows, we first focus on the expected luminosity of primordial MSPs in both the MW and M31 bulge, based on the properties of MSP inferred from the local (MW disk) measurements. In Sec. 8, we estimate and comment upon the contribution from dynamically formed MSPs.
STELLAR DENSITIES: INPUTS
For the stellar density in the MW bulge we adopt ( Vanhollebeke et al. (2009) 
where a is the distance from the GC, the parameters a m = 1.9 kpc and a 0 = 100 pc are taken from (Binney & Dehnen (1997) ), while ρ 0 is obtained via the normalization to the total mass of the bulge, which we take to be M MW,b = (0.91 ± 0.07) × 10 10 M (Licquia & Newman (2015) ). We use (Licquia & Newman (2015) ) as an input since it provides numbers for both the bulge and the bulge+disk stellar mass in a single publication. Given that the ratio between the two values is more important for our analysis than the absolute value of the bulge mass, we make sure that both masses are determined at least self-consistently. However, note that the value for the bulge mass reported varies almost by a factor of two when compared to (Portail et al. (2017) ).
Also, in Eq. 1 we assume that the stellar distribution is spherical, although the MW bulge is rather elliptical, and includes a bar. Since in what follows we compare our model predictions with the observed latitude profile of the GCE, calculated in cases in which spherical symmetry is imposed, this approximation is self-consistent. Additionally, the migration of the MSPs (see Sec. 5) would go in the direction of smoothing the actual profile, making it closer to spherical. Under the definition of the stellar density above, the radius of the volume which contains half of the mass is 1.2 kpc. In order to account for most of the stellar mass we take the size of the MW bulge to be 2 kpc in what follows, corresponding to approximately 75% of M MW,b .
In order to estimate the contribution of dynamically formed MSPs later on (Sec. 8), it is important to account for the enhanced densities in the central O(10) pc, the so called Nuclear Star Cluster (NSC). The MW's NSC was found to be point-symmetric about its center, Sgr A * , while exhibiting a flattening along the Galactic plane with minor-to-major projected axis ratio q = 0.71 ± 0.02. Extending to approximately 10 pc, the NSC encompasses a total mass of (2.5 ± 0.4)×10 7 M (Schödel et al. (2014) ).
The stellar density in M31 is adopted from (Tamm et al. (2012) 
with d N = 7.769, a c = 1.155 kpc and N = 2.7. Here the distance a c marks the volume which contains half of the mass of the bulge. We obtain ρ 0,M31 by normalizing to the total mass of the M31 bulge, taken to be (4.0 ± 1.0) × 10 10 M , as in (Kent (1989) ). We perform our integrations up to 2 kpc in what follows, noting that M31 and MW stellar bulges have comparable volumes.
A modelling of the NSC of M31 is specially challenging as it is known to exhibit a complex morphology. The inner 1.8 pc region of the NSC in M31 features a bimodal shape (Lauer et al. 1993) . It can be interpreted as a projection of a central eccentric disc (Peiris & Tremaine 2003) and can be explained by the fact that the radius of gravitational influence of the Super Massive Black Hole in M31-contrarily to the MW case-extends over the half of the volume of NSC, affecting the shape of the NSC in a non trivial way (Georgiev et al. (2016) ). We use a simple parametrization of the density of the NSC from (Tamm et al. (2012) ), but caution the reader that uncertainties are significant.
A summary of sizes and stellar masses of all studied components of the MW and M31 is provided in Tab. 1.
MW INNER GALAXY EMISSION
4.1. Overall luminosity To calculate the luminosity of the GCE we use the latest analysis of the region with Fermi LAT's 6.5 year Pass 8 events of the ULTRACLEANVETO class, as derived in (Ackermann et al. (2017b) ). This work presents a detailed exploration of systematic uncertainties on the derivation of the properties of the excess, including: possible additional sources of CRs near the GC, tests of the low-latitude morphology of the FB and of the GCE, uncertainties of the predictions of the inverse Compton emission and of the gas column densities. By taking this wide range of uncertainties into account, Ackermann et al. (2017b) derive the total flux of the GCE emission within the inner 10
• from the GC. There, the GCE flux is derived by masking all resolved point sources in the region, which account for 20% of the ROI. Assuming a 8.5 kpc distance to the GC and taking into account the masked region, we arrive to the luminosity of the GCE in this region above 100 MeV of:
If we focus on the special case for which a spatial template with the MSP-like spectrum was used in the analysis, the total luminosity becomes (0.2±0.1)×10 37 erg s −1 , where the quoted error is statistical. We caution however, that the luminosity of this component was obtained in a simultaneous fit with the template of FB, which was allowed to vary in the intensity in the inner 10
• region, and could have potentially absorbed part of our signal. (Courteau et al. (2011) ) whereas the MW's stellar disk size is reported in Rix & Bovy (2013) . References to the listed stellar masses are given in the text.
Component spatial extension stellar mass [M ] MW (r = 8.5 kpc) disk 30 kpc 6 × 10 10 bulge 2 kpc (9.1 ± 0.7) × 10 9 NSC 10 pc (2.5 ± 0.4) × 10 7 M31 (distance: d = 785 kpc) disk 15 − 56 kpc 7 − 10 × 10 10 bulge 2 kpc (4.0 ± 1.0) × 10 10 NSC 10 pc 3.5 × 10 7
For that reason, this luminosity could be regarded as the lower limit to the MSP emission. We assume that this luminosity originates in a population of individually unresolved MSPs, as supported by increasing amount of evidence (Bartels et al. (2016) ; Lee et al. (2016) ).
We also need to make sure that we capture the majority of the MSP emission associated with the bulge. Beyond 10
• from the GC, the GCE emission becomes comparable to the emission from the FBs so the total extent is hard to determine robustly. As shown in (Brandt & Kocsis (2015) ), the emission from the region 10
• − 20
• (a ROI of 20
• corresponds to a region with radius ∼ 3.1 kpc around the GC) is expected to add about 30% to the emission coming from the inner region, so that
Based on the new catalog of point sources in the inner galaxy derived in (Ajello et al. (2017) ) 5 , we estimate that the contribution of individually resolved MSPs to this luminosity does not exceed a 20% effect, well below the estimated error.
Morphology
In (Ackermann et al. (2017b) ) the best fit to the data was found to be given by a template with the emission decreasing like r −2 (corresponding to the r −1 NFW dark matter density profile, for annihilating DM), while earlier analysis (Daylan et al. (2016) ; Calore et al. (2015a) ) were finding a steeper slope of r −2.4 (dubbed 'generalised' NFW, or gNFW).
In (Ackermann et al. (2017b) ) the authors also derived a spatial distribution of the emission which exhibits the MSP-like spectrum. We note that this profile is derived in an analysis in which the template for the hard FB-like spectral emission was fitted to the data simultaneously, which could influence the derived morphology within 20
• , where the FB template was found to be significantly brighter than at higher latitudes. We report the measurements of the radial profile of GCE mentioned above, 5 Note that the cited point source catalog was derived in v1 of this paper which still remains correct whereas the originally derived pulsar luminosity function was corrected in v2 of (Ajello et al. (2017) ). See also (Bartels et al. (2017)).
as well as other determinations from previous literature in Fig. 1 .
PREDICTION FOR THE MW

Overall luminosity
To calculate the expected MSP emission in the MW bulge by considering the primordial formation channel, we start by making the simple hypothesis that the total number of MSPs in a given object is proportional to the (stellar) mass of the system. A number of derivations of the luminosity functions of the MSP in the MW disk has been reported in the literature, where spatial distributions roughly (but not exactly) matching this hypotheses have been adopted. Here we follow and adopt the results of (Winter et al. (2016) ), estimating the MSP luminosity in the MW bulge via the simple rescaling: (2015)), we obtain:
Fig. 1.-Radial profile of the GCE emission, as derived in a series of works, shown together with the predicted flux from a population of primordially formed MSPs in the Galactic bulge for three different smoothing kernels d = 0 pc (solid), 700 pc (dashed) and 900 pc (dotted) applied to the stellar density in the MW bulge. The uncertainty on the normalization of the predictions is given in Eq. 6, with the actual curves shown only reporting the best fit agreement to Calore et al. (2015b) within the allowed predicted range to avoid cluttering.
By comparing with Eq. 4 we see that, at least bolometrically, the GCE luminosity can be explained by the MSPs emission via a simple rescaling. The MSP luminosity function of the MW is however not well-constrained, also depending to some extent on the assumptions made to derive it (most notably on the model of the spatial distribution of MSPs in the Galaxy, and on the uncertainty on the MSP distance measure). To reflect the large uncertainties among different analysis in the literature, in Tab. 2 we report the MW disk luminosities derived in Ploeg et al. (2017) ; , obtained from other MSP luminosity functions, comparing them with our baseline estimate. We also rescale them to the mass of the MW bulge we adopt in this study, showing roughly what prediction those models would have yielded assuming a linear scaling. The same results are show in graphical form in Fig. 2 , where the gray band represent our baseline model for the disk luminosity and its rescaled value in the bulge (bottom and top panel, respectively).
Morphology
In order to discuss the morphology, we need to introduce some additional notions. Pulsars are known to receive kick-velocities at births, associated to supernova explosions, leading to O(1) kpc displacements during their lifetimes (see e.g. (Lorimer (2005) ; Abazajian & Kaplinghat (2012))). Although measurements concerning isolated pulsars are consistent with a Maxwellian distribution with sizable dispersion σ psrs, isolated = 190 km s −1 (Hansen & Phinney (1997) ), the kick velocity distribution of MSPs varies widely in the literature: ) and (Cordes & Chernoff (1997) ) find 10 − 50 km/s , (Hobbs et al. (2004) ) report 85 ± 13 km/s, while (Lyne et al. (1998) ) suggest a higher velocity range 130 ± 30 km/s. The fact that MSP are found in globular clusters, which are associated to a relatively shallow gravitational potential, suggests that a non-negligible fraction of the population has relatively modest kicks. As reviewed in Ivanova (2017) , one possible explanation of the puzzle is that the neutron star population retained in globular clusters may be originated mostly (at ∼ 97% − 99%!) from electron capture supernovae, associated to progenitors in a narrow range of masses around 8 M , hence to low velocity neutron star kicks. The disk population of neutron stars, on the other hand, would be mostly ( 90%) due to more "conventional" core-collapse supernovae. One may also speculate that the situation in the Galactic bulge is intermediate between these two extreme cases.
Anyway, if the kick is insufficient to make the pulsar unbound, it acts in "broadening" the pulsar spatial distribution with respect to the progenitor one. In a potential associated to a given mass profile M (r), the virial theorem suggests that the typical size of the new pulsar orbit d is related to the progenitor one s and the velocity dispersion v 2 as
The quantity d can be thought of as a "smoothing length" of the MPS distribution with respect to the underlying stellar density profile. For MSPs with kicks lower than < ∼ 70 km s −1 , the typical smoothing scale for MSPs will be in the range 700 − 900 pc and is fairly insensitive to the birth position s (for s > ∼ 300 pc). For velocity dispersions v 2 (70 km s −1 ) 2 a sizable fraction of the MSP can leave the bulge region of interest. Needless to say, a proper calculation of the MSP distribution in the bulge should treat the problem in phase space, but given the preliminary nature of our estimate, we will limit ourselves to show the impact of a 700 − 900 pc "dispersion" (Gaussian smoothing kernel) due to kicks on the expected signal morphology. A further discussion of the impact of MSP kick-velocities (Ploeg et al. (2017) ), for two geometry assumptions for the bulge (private communication from the authors), and compared with the naive prediction for the MW bulge luminosity obtained via simple rescaling with the mass. The gray band represent our reference model from Winter et al. (2016) for the disk luminosity and its rescaled value in the bulge (bottom and top panel, respectively). Our estimate for the MW bulge luminosity is also reported (top point in the top panel).
is given in Sec. 8.2.
In Fig. 1 we show the radial profile predicted for the cases d = 0, 700 pc and 900 pc. Independently of the smoothing parameters, we see that the profile of the GCE above 3
• is well-reproduced by this simple model and, in the limit of small d, the predicted profile matches the observational constraints down to at least the 1
• -scale (note that the top, red-square point is an upper limit to the GCE signal.) Despite the large uncertainties that still plague both observations and predictions, it is somehow remarkable that a simple scaling argument, without any major tunable parameter, accounts for both the normalization and geometric profile of the GCE. These two observables add to the original match of the energy spectrum, stimulating further interest in these models. In fact, Macias et al. (2016) ; confirm the GCE matching of a template tracing the stellar mass. The latter work is based on a refined statistical analysis using the tool SkyFACT to examine almost 8 years of Fermi-LAT data from the GC region, using a decomposition of the MW bulge into a boxy bulge (Cao et al. (2013) ) and a nuclear bulge (Launhardt et al. (2002) ). Although in their study they do not rely on an extrapolation of the disk luminosity, a consensus on the fact that the GCE morphology is consistent with a tracer of the stellar population is clearly emerging. Compared to , in this work we are more concerned about a comparative study of the MW and M31 bulges and disks, as well as the implications and expectations of different astrophysical scenarios. Actually, the above discussion indicates that a detailed astrophysical modeling is probably mandatory to make full sense of morphological data, a point not further stressed in . This also justifies the more robust overall luminosity comparison and a "calorimetric" perspective we take in our remaining analysis.
6. M31 EMISSION 6.1. Overall luminosity As the view on the M31 central region appears unobstructed by the M31 disk, which is significantly fainter in gamma-rays (see Sec. 7.1 below), we directly take the luminosity from the M31 central extended source measurement in PaperI and adopt the distance to M31 of 785 kpc reported therein. We will make an assumption (justified a posteriori) that this emission comes from a population of MSPs associated with the bulge of M31, and we therefore take the emission flux from M31, derived assuming the MSP-like spectrum with a Gaussian spatial template. Hence, we find 
6.2. Morphology The morphology analysis of M31 is challenging due to the fact that the Point Spread Function (PSF) of the LAT is rapidly changing in the 100 MeV -10 GeV energy range. In particular, for the P8R2 SOURCE, FRONT+BACK events, used in PaperI, the 68% confinement radius ranges from 1
• (at 1 GeV) to 0.2 • (at 10 GeV)
7 . In PaperI several spatial templates of the gamma-ray emission were tested and the best fits were found for a uniform disk with radius 0.38 ± 0.05
• (5.2 ± 0.7 kpc) or a Gaussian distribution with 0.23 ± 0.08 deg (3.1 ± 1.1 kpc) extent. A template tracing old stars, which reside dominantly in the bulge (the Spitzer/IRAC maps at 3.6 µm), was also tested from which followed that, while it provides a better fit than gas and star formation tracers in M31, it is not favoured compared to a simple point source at the center of M31.
PREDICTION FOR M31
We proceed as in Sec. 5 and focus on the primordial formation term. Taking M 
The prediction of MSP luminosity in M31 bulge falls short from the observed value in Eq. (8), though it is consistent at a 2 σ level due to the large uncertainties.
M31 Disk
It is important to test our model against the 'non detection' of the emission from the disk of M31. In the disk, only the primordial formation is relevant and we resort to rescaling of the luminosity function with masses of M31 and MW disks (Eq. 5). In this way we obtain
In terms of flux, this translates to a value of (3 − 4) × 10 −12 erg/cm 2 /s. The upper limit on the total flux from the M31 disk is 4.2 × 10 −12 erg/cm 2 /s (PaperI). While consistent with the expected flux, it is interesting to note that in this simple scenario, a modest improvement over the current bound on the M31 disk emission is expected to lead to a detection. Note, however, that due to the radially decreasing stellar profile, part of the "extended emission" detected in M31 may be due to the inner disk stellar MSP population. Although we estimate that this contribution is a sub-dominant fraction of the luminosity reported in Eq. 8, it could certainly contribute sizably to the signal, and should be taken into account in more refined morphological studies. In particular, about ∼ 2 kpc from the Center of M31 the stellar densities of the bulge and disk region are comparable (cf. Tamm et al. (2012) , Fig. 3 therein) ; we thus expect the largest modification to a simple bulge-like modelling of the signal to be noticeable around that distance.
Consistency with M33 upper limit
Taking the stellar mass of M33 to be (4.5±1.5) 10 9 M (Corbelli (2003) ), we get a prediction for MSP luminosity (above 100 MeV) of
when integrated over the luminosity interval (10 31 − 10 36 erg/s). Assuming the distance to M33 of 847 kpc (similar to PaperI) we get the total expected flux from M33 of 1.0 × 10 −13 erg cm −2 s −1 , which is more than an order of magnitude below the upper limit on the flux from M33 (< 1.7 × 10 −12 erg cm −2 s −1 ).
REFINEMENTS AND ADDITIONAL EFFECTS
Given a population of unresolved, primordially formed MSPs in the MW bulge, we find that their accumulated gamma-ray emission can explain the energetics of the GCE and, to a large extent, also its morphology. Applying the similar rescaling to external galaxies, the model easily accounts for the lack of detection from M33, is also compatible with the upper limit from M31 disk (and, interestingly, it predicts a signal not much below current bound), but can only marginally explain the detected flux from M31 bulge, although it predicts that a sizable fraction of it should be attributed to MSPs. More likely, MSPs do not saturate the measurements, at least in the simplified model discussed above. In the following section, we examine a number of effects that can alter the expectations for both the GCE and M31 signals.
Additional γ-ray sources in M31
Judging from the complexity of the central region of the MW, it is quite likely that the total luminosity of the extended M31 emission includes further contributions. For instance, there might be a contribution from the central point source of M31. In our own Galaxy, the gamma-ray flux attributed to the GCE is an order of magnitude below the dominating π 0 component from cosmic ray interactions with interstellar gas, and a factor a few below the inverse Compton component from cosmic ray leptons. It is instead comparable with the flux from resolved point sources at GeV energies, see Fig. 1 , right panel in Ackermann et al. (2017b) . Assuming that most cosmic rays originate from supernova events, whose rate is dominated by core-collapse events associated to young stars, the π 0 component is expected to correlate with the recent star-formation activity, which is roughly one order of magnitude lower in M31 than in the MW (Ford et al. (2013) ). Thus, even accounting for the milder non-thermal emission activity in M31 with respect to the MW, it does not appear very surprising that our prediction in Eq. 9 undershoots the full measured emission by a factor < ∼ 4, since diffuse emissions in M31 should have a comparable contribution to that of unresolved MSPs. Additional sources, or morphological differences in the sources relevant in M31 vs. MW (e.g. related to the different spatial distribution of supernova of type I and type II) may also accommodate better the ambiguous and still inconclusive morphological information (Sec. 6.2).
Including dynamical formation
In the central parts of massive galaxies (i.e. inner galaxy bulges), stellar densities can reach values similar to the densities in some globular clusters. In addition, a larger volume with intermediate densities between galactic disks and globular cluster ones also suggests some sizable contribution for a dynamical MSP formation mechanism. Intriguingly, it was observed that the LMXB distribution in M31 follows the ρ 2 * -distribution in the inner region of the M31 bulge, and the ρ * -distribution in outer regions of the bulge (Voss & Gilfanov (2007) ). Thus, it seems reasonable to include this contribution to the expected MSP number density n MSP in a formal toy model
where ρ * and σ are stellar density and velocity dispersion of a system in question, M * refers to the total stellar mass in this system and κ is a scaling constant derived from the stellar encounter rate in globular clusters (cf. Sec. 8.2.1). The first term on the right-hand side of Eq. 12 models the primordial formation which was discussed in Sec. 2 while the second one describes the dynamical formation. Brackets indicate smoothing corrections (possibly different for the two terms) due to the pulsar kicks. In what follows, however, we apply no smoothing to the ρ 2 * term, since: i) the stellar capture is dominated by the low velocity tail of the velocity distribution in the inner regions and ii) there is an observational evidence that the distribution of dynamically formed LMXBs follows a ρ 2 * distribution in M31 (Voss & Gilfanov (2007) ), a fact that would be spoiled if these corrections were large.
The σ term in Eq. 12 accounts for the velocity dispersion of neutron stars which are to become captured into a binary system. Stellar rotation and velocity dispersion measurements for the M31 and MW bulges are summarized in (Widrow et al. (2003) ) and (Portail et al. (2017) ) respectively. The observed velocity dispersions in the two systems seem comparable, being in the ∼ 100 − 150 km s −1 velocity range. Given this similarity, we do not take this term into account as it would have a subleading effect on our results.
Globular cluster scaling relation
In order to constrain the dynamical formation term from Eq. 12, we need to determine the value of the normalization κ. We use the observed correlation of gammaray luminosity of globular clusters with the stellar encounter rate Γ e in these systems (Hui et al. (2011) ):
with m = 0.50±0.16 and c = 34.38±0.25. For this calculation, we also treat the NSC of each galaxy as an individual gamma-ray source besides the actual galactic bulge because of the enhanced stellar density therein which boosts the expected luminosity due to its ρ 2 * -dependence. Since the stellar encounter rate in a system of interest is proportional to the volume integral of ρ 2 * /σ (Bahramian et al. (2013)), we use the stellar mass densities and velocity dispersion values as detailed in Sec. 3 to derive an estimate of the rate. Except for the MW's NSC, our approach is the following: We normalize the resulting estimated rate to the one of the globular cluster Omega Centauri. For this cluster, we assume King's stellar mass density profile and structural parameters as listed in the globular cluster catalog (Harris (1996) ).
As the stellar density profile of the MW's NSC is not well known, we apply a different method: An object whose stellar density follows a King's profile exhibits a stellar encounter rate described by i) the central luminosity density ρ c ; ii) the core radius r c ; iii) the velocity dispersion σ, according to: Γ e ∝ ρ 2 c r 3 c σ −1 (Hui et al. (2011) ). In what follows, we take the total extension of the MW NSC to be 10 pc and assume its stellar density to follow a King's profile. (Schödel et al. (2014) ) found that the total luminosity of the NSC within this region is (4.1 ± 0.4) × 10 7 L which yields a luminosity density of ρ c = 4.1 × 10 4 L /pc 3 and in the case of a King's profile, the core radius is about r c = 2 pc. As shown in (Chatzopoulos et al. (2015) ), the velocity dispersion inside the innermost 10 pc of the MW varies to a large extent with a mean value of about σ = 150 km s −1 . Finally, we adopt the approach of (Hui et al. (2011) ) to normalize the resulting stellar encounter rate to the one of the globular cluster M4 whose parameters are given in this reference.
We show the scaling relations in the cases discussed above in Fig. 3 and summarize the numerical values in Tab. 3.
Luminosity prediction from dynamical formation
In our model, for both MW and M31 the maximal contribution from the dynamical formation (L γ (Γ e )) relative to the primordial gamma-ray luminosity is expected to Fig. 3 .-Scaling relation of gamma-ray luminosity Lγ of globular clusters with the stellar encounter rate, from (Hui et al. (2011) ). The points for MW and M31 inner bulge regions and NSCs are added in this work, as described in Sec. 8.2.1.
TABLE 3
Scaling relation for the dynamical MSP component using globular cluster stellar encounter rates Γe. We show the best fit luminosity Lγ (Γe) for each galactic component according to (Hui et al. (2011) ) where we also provide the upper (Lγ,max) and lower (L γ,min ) limit on the luminosity with respect to the 95% C.L. interval as displayed in Fig. 3 . Besides, we list here the luminosities (Lγ (Γe, uopt)) being derived by using the fit function in the same work that additionally includes the effect of an order-of-magnitude enhanced density of optical photons, uopt. be at the percent level (see Tab. 3). This does not necessarily mean, however, that these terms are irrelevant:
In the case of the MW, it is possible that the inner region GCE emission is significantly if not dominantly contributed to by this term, notably if the smoothing effect due to migration of the primordial MSP population turns out to be important. We illustrate this in Fig. 4 , representing the radial profile of the MW's GCE, predicted for primordial formation for the cases d 1 = 0 pc, 700 pc and 900 pc together with the expected dynamical formation terms, due to the bulge and NSC stellar density. We show the maximal luminosity of such components allowed based on the globular cluster scaling relation with the stellar encounter rate given in Tab. 3. Note, however, that our rough approach to derive the stellar encounter rates is not sensitive to any small scale effects within the NSC (as resolved in N -body simulations, e.g. Abbate et al. (2017) ) which can lead to an enhanced gamma-ray emission. Thus, we might underestimate the maximally expected luminosity of galactic NSCs. Nonetheless, a much larger NSC contribution is already excluded by the red point in Fig. 4 that indicates the total GC emission within the innermost 2
• . Even in the case of M31, some role cannot be dismissed, given the very large uncertainties affecting in particular M31 NSC contribution: A simple estimate of the stellar encounter rate, based upon the parametrization of the NSC according to Tamm et al. (2012) , yields a luminosity which is comparable to what is expected from primordially formed MSPs in an object of the same mass as the NSC. An alternative view on the contribution of the dynamical formation to the total M31 luminosity is Fig. 4. -Radial profile of the GCE emission as derived in a series of works, shown together with the predicted flux from a population of primordially formed MSPs in the Galactic bulge for three different MSP kick velocity smoothing kernels d = 0 pc (solid), 700 pc (dashed) and 900 pc (dotted) applied to the stellar density in the MW bulge. The uncertainty on the normalization of the predictions is given in Eq. 6, with the actual curves displayed only reporting the best fit agreement to Calore et al. (2015b) within the allowed predicted range. We also plot our estimate for the maximal contributions of dynamically formed MSPs in the Galactic bulge (yellow) and NSC (brown), corresponding to the maximal allowed values for Lγ (Γe) from Tab. 3. In both cases, no MSP kick velocity smoothing kernels have been applied (see discussion in Sec. 8.2). For all curves, the LAT point-spread-function has also been accounted for via a Gaussian kernel of width 1 • , appropriate for an energy of about 2 GeV. The PSF-induced morphological change is only dominant for the NSC contribution.
provided by the Chandra's observation of LMXBs in M31 (Voss & Gilfanov (2007) ). Using Chandra observations of M31 and simulations of LMXBs formation, Voss & Gilfanov (2007) argue that out of 80 LMXBs observed in the inner region (inner 12 arcmin ∼ 2.7 kpc) of the M31 bulge, about 20 (∼ 25%) are believed to be dynamically formed. The main criteria used to identify the dynamically formed LMXBs was the observation that a fraction of these objects follows the ρ 2 * radial distribution. At the same time, in the inner 10 degrees of the MW < ∼ 20 LMXBs were discovered in the INTEGRAL data (Haggard et al. (2017) ), displaying no clear sign of ρ 2 * distribution, the main signature of a dynamical formation. This argument is not conclusive, in particular given the significantly different lifetimes of MSPs (∼ 5 Gyrs) and LMXBs ( < ∼ 1 Gyr, Fragos et al. (2013) ). A sharper quantitative comparison would require knowledge of the formation history of the systems. However, the evidence of a significant number of dynamically formed LMXBs in M31 might suggest that the dynamical formation is more important in the inner region of M31 than in the MW bulge. Further considerations of the connection between LMXBs and MSPs are reported in Sec. 8.3.3. We did not account the effect of the optical photon density field. It has been suggested that the gammaray luminosity of globular cluster does correlate to some extent with the optical photon density u opt (Hui et al. (2011) ):
log L γ = a 1 log Γ e + a 2 log u opt + a 3 , with a 1 = 0.42 ± 0.17, a 2 = 0.62 ± 0.29 and a 3 = 34.12 ± 0.29. If this correlation reflects a physical process, such as the availability of target photons for inverseCompton, the correlation may be a symptom of a universal phenomenon: Until now, it might have been highlighted only in MSP globular cluster (as opposed to local MSP in the disk) because the background interstellar light is much higher in the (star and thus star-light rich) globular cluster environments. A similar correlation would enhance the emission of MSP from the bulge with respect to the disk. The effect is expected to be present both for primordially formed MSPs and for dynamically formed MSPs. For the primordial objects, whose emission dominates in most of the bulge, one expects only a mild enhancement. Yet, this may be important in altering the shape of the emission profile, steepening it and thus counteracting to some extent the broadening effect of pulsar kick velocities. For dynamically formed objects, the impact on both the normalization of the signal should be more easily visible, the morphology being much harder to characterize given the Fermi-LAT PSF. In general, the energy density of the soft photon field varies significantly in the central regions of MW and M31, suffering from large uncertainties. For illustration purposes, we show how large this effect could be if we were to adopt u opt ten times higher than in the Terzan 5 globular cluster, situated ∼ 2 kpc from the center of the MW. The factor of 10 is a generous maximum error motivated by Fig. 2 in (Porter et al. (2017) ). The results are listed in Tab. 3 as L γ (Γ e , u opt ), suggesting an increase of about a factor seven, leading to a sizable (although unlikely dominant) dynamical term in the bulge.
Gravitational MSP bias in bulges with respect to globular clusters
Another possible reason for a boosted dynamical term in bulges, compared with estimates based on globular clusters, is that bulges retain a larger fraction of the MSPs: this may turn to be the case if the intrinsic velocity dispersion of MSPs is large, but only relatively slow ones can be retained by the shallow gravitational potential of clusters. As the gravitational well in the central region of a galaxy is much deeper, the bulge might retain a higher fraction of its MSP. A relatively large dispersion may also ameliorate the agreement between a model expected to scale as ρ 2 * with the apparent morphology of the GCE, seemingly scaling as ρ * . Needless to say, such a conjecture would need to be tested with more elaborate models accounting for the phase-space distribution of the MSP.
MSP bias in bulges with respect to disks
The determination of the local MSP luminosity function enters as a crucial ingredient in our estimate. Alternative derivations of the luminosity functions are broadly in agreement with what we used within errors (see for instance the results from Ploeg et al. (2017) which we compare with in Fig. 5 ), but the fiducial value can be even an order of magnitude lower than what we adopted (Bartels et al. (2017)). The main reason for the broad range of these results boils down to the estimated local MSP detection incompleteness, which in turn depends on the chosen parametrization of the luminosity function, on the uncertainty on the distances to MSPs, their assumed spatial distribution templates, their gamma-ray spectrum, and the estimate of the (Galactic-direction dependent) Fermi-LAT sensitivity threshold. These are all ingredients for which often reasonable but certainly not identical choices have been adopted in the literature.
An intrinsic limitation of the scaling with stellar mass adopted here is due to the fact that the derivation of the luminosity function does not exactly predict a constant luminosity over stellar mass ratio within the MW disk, to start with. However, the agreement of both the GCE energetics and morphology with our simple scaling is tantalizing. Notice that in , where the local MSP luminosity function is not used to predict the GCE, the scaling is found to be valid within different bulge sub-components. Should the local MSP luminosity function be revised downwards, or should an improved sensitivity to M31 disk emission turn into a null result, the situation may thus appear puzzling. A possible solution to such a conundrum may be found into a more complex scaling of the emission than just with the stellar mass. One may expect, indeed, an impact of stellar ages on the MSP luminosity, via a number of effects: For instance, the value of M MW * used in our prediction refers to the total stellar mass including old and young populations of stars. One may argue that MSPs are more likely to be found in old stellar populations, as the majority of MSPs has lifetimes of about ∼ 5 Gyr. In the MW disk, however, there are regions of active star formation. According to the Gaia-ESO survey, the fraction of stars in the disk younger than 5 Gyr is about 40% (Magrini et al. (2017) ). The actual bulge ratio L b /M b is thus expected to be about 1.7 times larger than our naive estimate based on the disk luminosity function, since the bulge is largely dominated by old stars. Note that such a bias would still preserve the scaling with density within the bulge, which seems observationally established. On the other hand, the estimates in Sec. 5 and Sec. 7 assume that the MSP luminosity function is independent from the age of the stellar population. Detailed estimates are lacking, but one may anticipate appreciable corrections to the above naive scaling.
Complementary to our assumption of rescaling the MW's MSP luminosity function based on the stellar mass of the object under study, we could have used the number of LMXBs therein, since LMXB are thought to be progenitors of MSPs. Such an approach has been followed in Haggard et al. (2017) , where the authors analyzed the available collection of observed LMXBs in the MW and its globular clusters to perform such a rescaling. They report that about 10 3 LMXBs in the bulge region of the MW would be needed to fully account for the GCE while only < 100 of them were found. They estimate that 23% of the GCE can be attributed to an unresolved MSP population. In our opinion, even an apparent discrepancy of less than one order of magnitude, does not rule out our model for a number of reasons. First of all, the characteristic lifetimes of LMXBs and MSPs differ by more than one order of magnitude, which prevents a detailed comparison without knowing the time-dependence of the two formation histories: LMXBs associated to the bulge population of MSP have already faded away. Additionally, it is questionable if a perfect scaling between LMXBs and MSP should be assumed, since alternative formation channels have been proposed for both systems. For example, as an important caveat to a simple scaling, we mention here that there are different types of LMXB, notably hydrogen-rich donor LMXB and hydrogen-poor donor LMXB, known as ultracompact X-ray binaries (UCXB). In the bulge-specific study van Haaften et al. (2015) it has been argued that, although the former are much easier to observe given their luminosity and duty cycle, UCXB have in fact a higher formation rate, and would be the preferential progenitors of MSP, while being much fainter and difficult to identify.
An interplay with the role of the background photon field (Sec. 8.3.1) is also possible: if this ingredient also affects the MSP emission in the primordial populations in the disk and bulge, it would certainly boost the expected bulge emission with respect to the naïve predictions based on the disk sample, given the higher background u opt in the bulge than in the disk, as reported in Porter et al. (2017) for the MW and in Groves et al. (2012) for M31.
Alternative origins for the bulge MSPs
It may be also that alternative mechanisms for populating the bulge with MSP are at play. For instance, it has been proposed that a population of MSPs in the inner Galaxy was deposited from disrupted globular clusters, that were brought down through dynamical frictions process and tidally stripped (Brandt & Kocsis (2015) ). Simulations of tidal disruption of globular clusters (Gnedin et al. (2014) ; ; Fragione et al. (2017) ) demonstrate that the NSC could effectively form because of this deposited mass. The recent study ArcaSedda et al. (2017) seems to confirm the viability of a scenario where the X-ray and the γ-ray high-energy emissions from the innermost Galaxy are related to the NSC formation via tidal disruption of globular clusters, and the associated deposition of MSPs and Cataclysmic Variables. However, at larger distances (100 pc to 1 kpc), the disrupted stellar mass distribution tracks the globular cluster distribution set as the initial condition for the simulation (Gnedin et al. (2014) ), so the model is not directly predictive, as far morphology is concerned.
The recent work Fragione et al. (2017) suggests however that both the intensity of the GCE signal and the normalization and distribution of surviving globular clusters in the inner Galaxy support this scenario, addressing some objections to Brandt & Kocsis (2015) raised in Hooper & Linden (2016) . The authors compare the MSP luminosity function of globular clusters with the findings from MSPs in the MW disk. They conclude that MSPs from old stellar populations like those found in globular clusters can only account for a few percent of the observed GC emission. If this scenario is correct, then the rough agreement of our disk luminosity scaling with the GCE would appear to be a coincidence. Also, at the moment no prediction for the M31 bulge emission is available, lacking dedicated simulations. The model does not address the disk luminosity scaling either, of course (hence no prediction for M31 disk emission).
SUMMARY
Since the start of the Fermi-LAT mission, more than a hundred gamma-ray MSPs were discovered, proving that they are ubiquitous in our Galaxy. Over time, evidence is also accumulating that these objects are responsible for the diffuse emission in the inner region of our Galaxy (the GCE). More recently, an extended emission has also been observed from the direction of M31, showing broad features similar to the GCE. In this work, focusing on in situ formation of MSPs, we used the properties of known local MSPs to describe the primordial MSP formation. This simple, parameter free scaling predicts then the MSP luminosity in the bulges of the MW and M31. Despite its simplicity, this model fits remarkably well both the energetics and the morphology of the observed GCE, as summarized in Fig. 5 . Regarding the model's predictions for M31, the estimated luminosity due to primordial MSPs (Eq. 9) is typically expected to contribute only about a quarter of the detected emission, although a dominant contribution cannot be excluded at the 2σ level, given the large uncertainties. A prediction of the model is that the M31 disk emission due to MSP is not far below the present upper bound, a fact that might allow for an observational test in the not so distant future.
We have also discussed some refinements of the simple model above. In particular, we used a scaling based on globular cluster gamma-ray luminosity with the stellar encounter rate to describe the dynamical MSP formation in the bulge and the nuclear star cluster. This component is expected to contribute to the bulge emission only at a level 5% (cf. Fig. 3 ), but-depending on the size of the smoothing effect due to the MSP kick velocity distribution-may be of some importance in explaining the signal morphology in the inner region of the MW. We also commented on some other possible effects which may lead to violations of the simple scaling used and thus different expectations, and briefly discussed alternative models for populating the bulge with MSP, in particular the scenario of globular clusters disruption at an early stage of the MW evolution.
In the near future, an improvement in the local MSP luminosity function determination, together with improved observational studies of both the non-thermal activity of sources in the MW and M31 bulge and M31 disk emissions may narrow down the current spectrum of possibilities. In our opinion, however, major advances will require a sizable reduction of the uncertainties on the MSP formation mechanisms: In primordial scenarios, the capability of newborn pulsars to stay tied to the original binary system despite the kick velocity at birth needs to be better understood. In dynamical formation scenarios, a quantitative understanding of the capture of either rogue pulsars by binaries and of the probability of pulsars in binary systems ending up in MSP via stellar encounters is also crucial. The variability of these processes with the environmental properties (e.g. in Globular Clusters vs disks vs bulges) is another open question, like is the survival or formation of MSP in Globular Cluster disruption events. If coupled to non-gravitational gas and stellar dynamics, these studies would also be beneficial to clarifying issues like the link of the MSP phenomenon to the LMXB one, for instance. Eventually, we are confident that the synergy of such studies will shed further light on these fascinating gamma-ray observations emerged over the past few years.
